
For numerical experiment, we consider a single beam PEH as shown in Fig. 4. The
domain contains 80 × 20 × 1 cubic finite elements

The design goal is to find a structure occupying 𝛼 = 50% of the design space, which
has its first resonance frequency at Ω1 = 75 Hz. The optimization problem defined as:

In [3], it is shown that by minimizing the dynamical compliance 𝐶𝑑 at a frequency just
below or above an eigenfrequency, this very eigenfrequency increases or decreases.
Therefore, we introduced an adaptive choice of the series {𝜔𝑖: 𝜔𝑖 → 75}:

𝜔 = ቊ
0.9 ⋅ 2𝜋𝑓1 , if 𝑓1 < 75,
1.1 ⋅ 2𝜋𝑓1 , if 𝑓1 > 75.

The elemental sensitivity is given by
𝑑 𝐶𝑑

2

𝑑𝜌𝑒
= 2𝐶𝑑 ⋅ 𝒙𝒆

𝑻 𝑝𝜌𝑒
𝑝−1

𝑲𝒆 − 𝜔2𝑴𝒆 𝒙𝒆.

In order to reduce the computation time, modal MOR is incorporated, using the first
two eigenvectors of the matrix pencil (𝐾, 𝑀). The goal function is becomes 𝐶𝑑

2 =

𝒙𝒓
𝑻 𝚲 − 𝜔2 𝒙𝒓

2
. For this experiment, we set 𝑝 = 5 and the results and the

corresponding convergence plot is shown in Fig. 5, where it is also compare the result
without MOR. The inclusion of MOR decreased the computation time by several
magnitudes (on Intel® CORE™i9-9900X CPU@ 3.5 GHz and 64 GB RAM, excluding
interface time).

Energy harvesting has established itself as useful addition to batteries. This especially
applies for applications involving distributed system such as wireless sensor networks.
These systems often have nodes deployed in harsh environmental conditions, where
batteries cannot be easily replaced. Out of all energy harvesting techniques,
piezoelectric energy harvesting has proven most popular, especially due to it's high
power density and scalability. Piezoelectric energy harvesters (PEH) transform
mechanical vibrations into usable electrical energy. Therefore, the main design goal is
having their resonance frequencies matching the excitation frequency for a given
application. [1]

In this contribution, we implement the procedure introduced in [2] including modal
superposition MOR, to achieve this frequency goal in an efficient way.
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U N I V E R S I T Y  O F  A P P L I E D  S C I E N C E S

C O N C L U S I O N S A N D  O U T L O O K

• Our fast TO approach for resonating structures based on the GIF
method and modal MOR is teste on a single beam PEH.

• Computation time is significantly reduced, while obtaining identical
results.

• The algorithm will be applied to multi-resonant PEH.
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I N T R O D U C T I O N A ND M O T I V A T I O N

N U M E R I C A L E X P E R I M E N T S

Topology optimization (cf. Fig. 2) makes use of the solid isotropic material model with
penalization, which encodes the geometry implicitly on a fixed domain: 𝑀𝑒 𝜌𝑒 =

𝜌𝑒
𝑝𝑀𝑀𝑒,0 , 𝐾𝑒 𝜌𝑒 = 𝜌𝑒

𝑝𝐾𝐾𝑒,0 , where 𝑀𝑒 , 𝐾𝑒 are respectively the element mass and
stiffness matrices with the index 0 tagging the matrices of a full material element. 𝜌𝑒

is the fraction of elemental density and 𝑝𝑀 , 𝑝𝐾 the tunable penalty power. Standard
nonlinear programming can be used to obtain the optimal material distribution on the
domain. We use projection based MOR (cf. Fig. 3) to accelerate the computation of the
goal function, i.e. model evaluation, in each iteration. The projection matrix 𝑉 can be
chosen as e.g. an eigenbasis of the matrix pencil (𝐾, 𝑀).
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min
𝜌𝑒

𝐶𝑑
2 = 𝒙𝑻 𝑲 −𝝎𝟐𝑴 𝒙

𝟐

subject to:

𝚺: ቊ
𝑴 𝝆𝒆 ሷ𝒙 + 𝐊 𝝆𝒆 𝒙 = 𝑩𝒖

𝒚 = 𝑪𝒙



𝑒=1

𝑁𝑒

𝜌𝑒𝑉𝑒 − 𝑉∗ ≤ 0, 𝑉∗ = 𝛼𝑉0 ,

0 ≤ ρe ≤ 1.

Fig. 1. An array of single beam piezoelectric energy harvester that can transform 
mechanical vibrations into electrical energy.

Fig. 2. Schematic diagram of SIMP based TO.

Fig. 5. Final structure (top: full vs bottom: reduced) and convergence plot of the first 
resonance frequency.

Fig. 3. Schematic diagram of projection based MOR.
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Fig. 4. Admissible  design  space  of a single beam PEH.
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